THEORY OF COMPUTING, Volume 9 (16), 2013, pp. 579–585 www.theoryofcomputing.org

SPECIAL ISSUE: ANALYSIS OF BOOLEAN FUNCTIONS

Guest Editors’ Foreword

Elchanan Mossel Ryan O’Donnell

June 10, 2013

The Boolean function f : { 0,1}^n → { 0,1} is one of the most fundamental objects in theoretical computer science. The field of Analysis of Boolean Functionsseeks to understand Boolean functions via their Fourier transform and other analytic methods. This field has seen major developments in the 25 years since the watershed paper of Kahn, Kalai, and Linial [24]. It is now an indispensable tool in the theory of computing, with applications in areas as diverse as algorithmic economics [4], average-case complexity [34], circuit complexity [30], coding theory [26], communication complexity [15], computational geometry [32], cryptography [38], derandomization [33], genetic algorithms [22], inapproximability [20], learning theory [31], noisy communication [18], property testing [2], and quantum computing [3]. Moreover, this area of research has proved to have significant applications in other areas of mathematics that are not as obviously connected with Boolean functions: additive combinatorics [19], Banach spaces [8], extremal combinatorics [1], Gaussian geometry [6], metric space embeddings [28], social choice [25], statistical physics [37], and threshold phenomena of random graphs [11].

Over the last decade, a number of powerful themes have emerged in the analysis of Boolean functions: the dichotomy between “juntas” and functions with small influences; noise sensitivity/stability; the “smallset expansion” of the Boolean cube; the role of Gaussian analysis/geometry; probabilistic invariance principles; and regularity lemmas. This deepening understanding of the field has led to quite a few exciting developments in the last five years. To cite just a few examples:

• In the field of inapproximability, two recent STOC “Best Papers”: Raghavendra’s theory of CSP approximability [35] and Chan’s breakthrough on the NP-hardness of Max-kCSP [9].

• In Gaussian geometry, a new proof of Borell’s Isoperimetric Inequality [10].

ACM Classification: G.2, G.3, F.1.3

AMS Classification: 68Q87

Key words and phrases: foreword, special issue, Boolean functions

© 2013 Elchanan Mossel and Ryan O’Donnell cb Licensed under a Creative Commons Attribution License (CC-BY) DOI: 10.4086/toc.2013.v009a016

• The developments in percolation theory due to Garban, Pete, and Schramm [14]. • Hatami’s characterization of monotone set properties without sharp thresholds [21]. • In concrete complexity, Kane’s near resolution of the Gotsman-Linial Conjecture [27]. • In additive combinatorics, Sanders’s Quasipolynomial Freiman-Ruzsa Theorem [36].

In light of these developments, Theory of Computingis devoting a special issue to the field of analysis of Boolean functions. The idea for this special issue was conceived at the Simons Symposium Analysis of Boolean Functions: New Directions and Application held at Caneel Bay, US Virgin Islands, February 5-11, 2012. Submissions were solicited in late 2012; the papers appearing were selected from those submitted, after reviews following the stringent standards of Theory of Computing. The papers will be released individually in upcoming months.

We thank the authors of these papers for their contributions, and the anonymous reviewers for their meticulous and timely work. We would also like to thank Laci Babai, Oded Regev, and Ronald de Wolf for their editorial efforts.

Further resources Courses on analysis of Boolean functions:

• Kindler ’03 • Kalai ’04 • Linial ’05 • Dinur and Friedgut ’05 • Mossel ’05 • O’Donnell ’07 • Regev ’07 • van Melkebeek ’08 • Pansu ’10 • Sanders ’10 • Gubinelli ’11 • Hatami ’11 • Grigorescu, Perkins, Piliouras, and Reyzin ’12 • Sudakov ’12 Other recent and upcoming workshops and semesters on discrete analysis:

• Noise Sensitivity and Percolation (Clay Mathematics Institute summer school) • Analysis and Geometry of Boolean Threshold Functions (Center for Computational Intractability)

• Discrete Harmonic Analysis (Isaac Newton Institute) • Fourier Entropy-Influence (Winter School, Marne-la-VallÃl’e) • Analysis of Boolean Functions (Barbados Workshop on Computational Complexity) • Real Analysis in Computer Science (Simons Institute fall 2013 program) • Analysis of Boolean Functions: New directions and applications (2012, 2014) Key “classical” papers:

• Bonami ’70 [7] • Ben Or–Linial ’85 [4] • Kahn–Kalai–Linial ’88 [24] • Linial–Mansour–Nisan ’89 [30]; see also [13]. • Kushilevitz–Mansour ’91 [29]; see also Goldreich–Levin ’89 [16] • Gotsman–Linial ’94 [17] • Talagrand ’94 [39] • Bellare–Coppersmith–Hastad–Kiwi–Sudan ’95 [2] • Jackson ’95 [23] • Friedgut–Kalai ’96 [12] • Talagrand ’96 [40] • Hastad ’97 [20] • Benjamini–Kalai–Schramm ’98 [5] • Friegut(–Bourgain) ’99 [11] Further lectures, videos, surveys, and other writings:

• Štefankovič’s master’s thesis • Kalai and Safra’s survey • de Wolf’s survey inTheory of Computing • O’Donnell’s survey • Videos from the Isaac Newton Institute workshop • Tan’s notes on the Barbados lectures • Simons Symposium lectures • O’Donnell’s book/blog,Analysis of Boolean functions • Garban and Steif’s monograph • Video lectures by O’Donnell • Open problem compendium

References

[1] NOGA ALON, IRIT DINUR, EHUD FRIEDGUT, AND BENJAMIN SUDAKOV: Graph products, Fourier analysis and spectral techniques. GAFA, 14(5):913–940, 2004. [doi:10.1007/s00039-004- 0478-3] 579

[2] MIHIR BELLARE, DON COPPERSMITH, JOHAN HÅSTAD , MARCOS A. KIWI, AND MADHU SUDAN: Linearity testing in characteristic two. IEEE Trans. Inform. Theory, 42(6):1781–1795, 1996. Preliminary version in FOCS’95. [doi:10.1109/18.556674] 579, 581

[3] AVRAHAM BEN-AROYA, ODED REGEV, AND RONALD DE WOLF: A hypercontractive inequality for matrix-valued functions with applications to quantum computing and LDCs. In Proc. 49th FOCS, pp. 477–486. IEEE Comp. Soc. Press, 2008. [doi:10.1109/FOCS.2008.45] 579

[4] MICHAEL BEN-OR AND NATHAN LINIAL: Collective coin flipping, robust voting schemes and minima of Banzhaf values. In Proc. 26th FOCS, pp. 408–416. IEEE Comp. Soc. Press, 1985. [doi:10.1109/SFCS.1985.15] 579, 581

[5] ITAI BENJAMINI, GIL KALAI, AND ODED SCHRAMM: Noise sensitivity of Boolean functions and applications to percolation. Publications Mathématiques de l’IHÉS, 90(1):5–43, 1999. [doi:10.1007/BF02698830] 581

[6] SERGEY G. BOBKOV: An isoperimetric inequality on the discrete cube, and an elementary proof of the isoperimetric inequality in Gauss space. Ann. Probab., 25(1):206–214, 1997. [doi:10.1214/aop/1024404285] 579

[7] ALINE BONAMI: Étude des coefficients Fourier des fonctions de L^p(G). Annales de l’Institut Fourier , 20(2):335–402, 1970. [doi:10.5802/aif.357] 581

[8] JEAN BOURGAIN, VITALI MILMAN, AND HAIM WOLFSON: On type of metric spaces. Trans.

Amer. Math. Soc., 294(1):295–317, 1986. [doi:10.1090/S0002-9947-1986-0819949-8] 579

[9] SIU ON CHAN: Approximation resistance from pairwise independent subgroups. In Proc. 45th STOC, pp. 447–456. ACM Press, 2013. [doi:10.1145/2488608.2488665] 579

[10] ANINDYA DE, ELCHANAN MOSSEL, AND JOE NEEMAN: Majority is stablest: discrete and SoS. In Proc. 45th STOC, pp. 477–486. ACM Press, 2013. Preprint available at arXiv. [doi:10.1145/2488608.2488668] 579

[11] EHUD FRIEDGUT: Sharp thresholds of graph properties, and the k-SAT problem. J. Amer. Math.

Soc., 12(4):1017–1054, 1999. [doi:10.1090/S0894-0347-99-00305-7] 579, 581

[12] EHUD FRIEDGUT AND GIL KALAI: Every monotone graph property has a sharp threshold. Proc.

Amer. Math. Soc., 124(10):2993–3002, 1996. [doi:10.1090/S0002-9939-96-03732-X] 581

[13] MERRICK L. FURST, JEFFREY CHARLES JACKSON, AND SEAN W. SMITH: Improved learning of AC^0 functions. In Proc. 4th Ann. Conf. on Learning Theory (COLT’91), pp. 317–325, 1991. Available at author’s home page. [ACM:114866] 581

[14] CHRISTOPHE GARBAN, GÁBOR PETE, AND ODED SCHRAMM: The Fourier spectrum of critical percolation. Acta Mathematica, 205(1):19–104, 2010. [doi:10.1007/s11511-010-0051-x] 580

[15] DMITRY GAVINSKY, JULIA KEMPE, IORDANIS KERENIDIS, RAN RAZ, AND RONALD DE WOLF: Exponential separation for one-way quantum communication complexity, with applications to cryptography. SIAM J. Comput., 38(5):1695–1708, 2009. Preliminary version in STOC’07. [doi:10.1137/070706550] 579

[16] ODED GOLDREICH AND LEONID A. LEVIN: A hard-core predicate for all one-way functions. In Proc. 21st STOC, pp. 25–32. ACM Press, 1989. [doi:10.1145/73007.73010] 581

[17] CRAIG GOTSMAN AND NATHAN LINIAL: Spectral properties of threshold functions. Combinatorica, 14(1):35–50, 1994. [doi:10.1007/BF01305949] 581

[18] NAVIN GOYAL, GUY KINDLER, AND MICHAEL E. SAKS: Lower bounds for the noisy broadcast problem. SIAM J. Comput., 37(6):1806–1841, 2008. Preliminary version in FOCS’05. [doi:10.1137/060654864] 579

[19] BEN GREEN: Finite field models in additive combinatorics. In Surveys in Combinatorics 2005, volume 327, pp. 1–27. Cambridge University Press, 2005. [doi:10.1017/CBO9780511734885.002, arXiv:math/0409420] 579

[20] JOHAN HÅSTAD : Some optimal inapproximability results. J. ACM, 48(4):798–859, 2001. Preliminary version in STOC’97. [doi:10.1145/502090.502098] 579, 581

[21] HAMED HATAMI: A structure theorem for Boolean functions with small total influences. Ann. of Math., 176(1):509–533, 2012. [doi:10.4007/annals.2012.176.1.9, arXiv:1008.1021] 580

[22] ROBERT B. HECKENDORN AND ALDEN H. WRIGHT: Efficient linkage discovery by limited probing. Evolutionary Computation, 12(4):517–545, 2004. Preliminary version in GECCO’03. [doi:10.1162/1063656043138914] 579

[23] JEFFREY CHARLES JACKSON: The Harmonic Sieve: a novel application of Fourier analysis to machine learning theory and practice . Ph. D. thesis, Carnegie Mellon University, 1995. DTIC. [ACM:239947] 581

[24] JEFF KAHN, GIL KALAI, AND NATHAN LINIAL: The influence of variables on Boolean functions.

In Proc. 29th FOCS, pp. 68–80. IEEE Comp. Soc. Press, 1988. [doi:10.1109/SFCS.1988.21923] 579, 581

[25] GIL KALAI: A Fourier-theoretic perspective on the Condorcet paradox and Arrow’s theorem.

Advances in Applied Mathematics, 29(3):412–426, 2002. [doi:10.1016/S0196-8858(02)00023-4] 579 [26] GIL KALAI AND NATHAN LINIAL: On the distance distribution of codes. IEEE Trans. Inform.

Theory, 41(5):1467–1472, 1995. [doi:10.1109/18.412711] 579

[27] DANIEL M. KANE: A structure theorem for poorly anticoncentrated Gaussian chaoses and applications to the study of polynomial threshold functions. In Proc. 53rd FOCS, pp. 91–100. IEEE Comp. Soc. Press, 2012. [doi:10.1109/FOCS.2012.52] 580

[28] SUBHASH KHOT AND ASSAF NAOR: Nonembeddability theorems via Fourier analysis. Mathematische Annalen, 334(4):821–852, 2006. Preliminary version in FOCS’05. [doi:10.1007/s00208-005- 0745-0] 579

[29] EYAL KUSHILEVITZ AND YISHAY MANSOUR: Learning decision trees using the Fourier spectrum.

SIAM J. Comput., 22(6):1331–1348, 1993. Preliminary version in STOC’91. [doi:10.1137/0222080] 581 [30] NATHAN LINIAL, YISHAY MANSOUR, AND NOAM NISAN: Constant depth circuits, Fourier transform, and learnability. J. ACM, 40(3):607–620, 1993. Preliminary version in FOCS’89. [doi:10.1145/174130.174138] 579, 581

[31] YISHAY MANSOUR: Learning Boolean functions via the Fourier transform. In VWANI ROY-

CHOWDHURY, KAI-YEUNG SIU, AND ALON ORLITSKY, editors, Theoretical Advances in Neural

Computation and Learning, chapter 11, pp. 391–424. Kluwer/Springer, 1994. [doi:10.1007/978-1- 4615-2696-4_11] 579

[32] RAJEEV MOTWANI, ASSAF NAOR, AND RINA PANIGRAHY: Lower bounds on locality sensitive hashing. SIAM J. Discrete Math., 21(4):930–935, 2007. Preliminary version in SCG’06. [doi:10.1137/050646858] 579

[33] JOSEPH NAOR AND MONI NAOR: Small-bias probability spaces: Efficient constructions and applications. SIAM J. Comput., 22(4):838–856, 1993. Preliminary version in STOC’90. [doi:10.1137/0222053] 579

[34] RYAN O’DONNELL: Hardness amplification within NP. J. Comput. System Sci., 69(1):68–94, 2004.

Preliminary version in STOC’02. [doi:10.1016/j.jcss.2004.01.001] 579

[35] PRASAD RAGHAVENDRA: Approximating NP-hard problems: efficient algorithms and their limits.

Ph. D. thesis, University of Washington, 2009. Berkeley. [ACM:1751149] 579

[36] TOM SANDERS: On the Bogolyubov-Ruzsa lemma. Anal. PDE, 5(3):627–655, 2012.

[doi:10.2140/apde.2012.5.627] 580

[37] ODED SCHRAMM AND JEFFREY E. STEIF: Quantitative noise sensitivity and exceptional times for percolation. Ann. of Math., 171(2):619–672, 2010. Also available among the Selected Works of Oded Schramm (Springer, 2011). [doi:10.4007/annals.2010.171.619] 579

[38] THOMAS SIEGENTHALER: Correlation-immunity of nonlinear combining functions for cryptographic applications. IEEE Trans. Inform. Theory, 30(5):776–780, 1984. [doi:10.1109/TIT.1984.1056949] 579

[39] MICHEL TALAGRAND: On Russo’s approximate zero-one law. Ann. Probab., 22(3):1576–1587, 1994. [doi:10.1214/aop/1176988612] 581

[40] MICHEL TALAGRAND: How much are increasing sets positively correlated? Combinatorica, 16(2):243–258, 1996. [doi:10.1007/BF01844850] 581

GUEST EDITORS

Elchanan Mossel U.C. Berkeley, CA, USA mossel stat berkeley edu www.stat.berkeley.edu/~mossel/

Ryan O’Donnell Department of Computer Science Carnegie Mellon University Pittsburgh, PA, USA odonnell cs cmu edu http://www.cs.cmu.edu/~odonnell