THEORY OF COMPUTING, Volume 21 (13), 2025, pp. 1–17 www.theoryofcomputing.org

Towards Finding Hay in a Haystack: Explicit Tensors of Border Rank Greater Than 2.02𝑚 in ℂ^𝑚 ⊗ ℂ^𝑚 ⊗ ℂ^𝑚

Mateusz Michałek^∗ Joseph Landsberg^†

Received May 11, 2021; Revised September 3, 2025; Published December 26, 2025

Abstract. We write down an explicit sequence of tensors in ℂ^𝑚 ⊗ ℂ^𝑚 ⊗ ℂ^𝑚 , for all 𝑚 sufficiently large, having border rank at least 2.02𝑚 , overcoming a longstanding barrier. We obtain our lower bounds via the border substitution method.

1 Introduction

A frequently occurring theme in algebraic complexity theory is the hay in a haystack problem (phrase due to Howard Karloff): find an explicit object that behaves generically. For example Valiant’s VP vs. VNP problem is to find an explicit polynomial sequence that is difficult to compute. We address this problem for three-way tensors. Here the state of the art is embarrassing.

Let 𝐴, 𝐵, 𝐶 be complex vector spaces of respective dimensions a,b,c. A tensor 𝑇 ∈ 𝐴 ⊗ 𝐵 ⊗ 𝐶 has rank one if 𝑇 = 𝑎 ⊗ 𝑏 ⊗ 𝑐 for some 𝑎 ∈ 𝐴 , 𝑏 ∈ 𝐵, 𝑐 ∈ 𝐶 . The rank of 𝑇 , denoted R(𝑇), is the

∗Supported by the Deutsche Forschungsgemeinschaft — Projektnummer 467575307. †Supported by NSF grants AF-1814254 and AF-2203618.

ACM Classification: F.1.3

AMS Classification: 15A69, 14L35, 68Q15

Key words and phrases: matrix multiplication complexity, tensor rank, asymptotic rank, laser method

© 2025 Joseph Landsberg and Mateusz Michałek cb Licensed under a Creative Commons Attribution License (CC-BY) DOI: 10.4086/toc.2025.v021a013

smallest 𝑟such that 𝑇 is a sum of 𝑟rank one tensors. The border rankof 𝑇 , denoted R(𝑇), is the smallest 𝑟 such that 𝑇 is the limit of a sequence of rank 𝑟 tensors.

If a tensor 𝑇 ∈ ℂ^𝑚 ⊗ ℂ^𝑚 ⊗ ℂ^𝑚 is chosen randomly with 𝑚 > 3, then with probability one, it will have rank and border rank ⌈^{𝑚3}_{3𝑚−2} ⌉ ∼^{𝑚2}_3 [10] 1. More precisely, the set of tensors with border rank less than ⌈^{𝑚3}_{3𝑚−2} ⌉ is a proper subvariety and the set of tensors with rank not equal to ⌈^{𝑚3}_{3𝑚−2} ⌉ is contained in a proper subvariety. Previous to this paper, there was no explicit sequence of tensors of border rank at least 2𝑚 known (and no explicit sequence of rank at least 3𝑚 known), although several known sequences come close to these. In [1] they exhibit an explicit sequence of tensors satisfying R(𝑇_𝑚) ≥ 3𝑚 − 𝑂(log_2(𝑚))and in [5] a sequence of tensors of border rank at least 2𝑚 − 2 is presented, although these tensors are only “mathematician explicit” and not “computer-scientist explicit” as some entries of the tensor are of the form 2^{2𝑚} . We explain the notion of explicitness in Section 3. The best border rank lower bound for a computer-scientist-explicit tensor to our knowledge is ironically the tensor 𝑀_{⟨n⟩} corresponding to matrix multiplication of n × n matrices where, setting 𝑚 = n^2, R(𝑀_{⟨n⟩}) ≥ 2𝑚 − ⌈^1_2 log_2(𝑚)⌉ − 1 [8]. One of the central problems is that the typical way to prove that a tensor 𝑇 has high border rank is to determine a polynomial 𝑃that vanishes on each tensor of border rank 𝑟and prove that 𝑃(𝑇) ≠ 0. This shows that the border rank of 𝑇 is strictly greater than 𝑟. Still, in spite of many results (see, e. g., [6] and references therein), there are no known polynomials on the space ℂ^𝑚 ⊗ ℂ^𝑚 ⊗ ℂ^𝑚 that vanish on tensors of border rank 2𝑚 . For this reason the bound 2𝑚 remained unbroken until now. Here, instead of finding new polynomials vanishing on tensors of high rank, we combine several methods: border substitution, Koszul flattenings (which are polynomials), combinatorics of normal forms, degenerations as well as explicit computational techniques. In this paper we deal exclusively with border rank.

Definition 1.1. A sequence of objects (e. g., numbers, graphs, tensors, typically each represented as a finite sequence of integers), indexed by integers, is explicit if the 𝑛-th object may be computed in time polynomial in 𝑛.

We remark that there are more restrictive definitions of what it means for a sequence to be explicit but the experts we asked viewed the above one as acceptable.

Thus, a sequence 𝑇_𝑚 ∈ ℂ^𝑚 ⊗ ℂ^𝑚 ⊗ ℂ^𝑚 of tensors is explicit if the entries of 𝑇_𝑚 may be computed in time polynomial in 𝑚 . This is equivalent to saying that all of 𝑇_𝑚 may be computed in polynomial time in 𝑚.

We show:

Theorem 1.2. For each 𝑘 , define the ⌈^{3(2𝑘+1)2}_4 ⌉-dimensional family of tensors 𝑇_𝑘 = 𝑇_𝑘(𝑝_{𝑖𝑗}) ∈ ℂ^{2𝑘+1} ⊗

1The conclusion holds with almost any notion of randomness, e. g., view the ambient ℂ^{𝑚3} as a vector space with any measure that is absolutely continuous with respect to Lebesgue measure. Then the set of tensors for which the equality fails has measure zero. If instead one takes the entries of 𝑇 from a finite subset of the integers with a uniform distribution, then the probability of the equality failing goes to zero as the subset one draws from increases towards all of ℤ.

ℂ^{2𝑘+1} ⊗ ℂ^{2𝑘+1} =: 𝐴 ⊗ 𝐵 ⊗ 𝐶 as follows:

𝑇_𝑘 = 𝑘� 𝑖=−𝑘 min(2𝑘−𝑖,2𝑘) � 𝑗=max(0,−𝑖)

𝑝_{𝑖𝑗} 𝑎_𝑖 ⊗ 𝑏_𝑗 ⊗ 𝑐_{𝑖+𝑗} , (1.1)

where 𝐴 ≃ 𝐵 ≃ 𝐶 ≃ ℂ^{2𝑘+1} and (𝑎_{−𝑘} , . . . , 𝑎_𝑘), (𝑏_0, . . . , 𝑏_{2𝑘}), (𝑐_0, . . . , 𝑐_{2𝑘})are bases of the vector spaces 𝐴, 𝐵, 𝐶, respectively.

Then for all

0 < 𝜖 < 1 42 , and 𝑘 ≥

7(52274 − 151635𝜖 + 14616𝜖^2 + 5292𝜖^3) (1 − 42𝜖)^3 , we describe an explicit assignment of the 𝑝_{𝑖𝑗} in the sense of Definition 1.1, so that

R(𝑇_𝑘) ≥ (2 + 𝜖)(2𝑘 + 1) = (2 + 𝜖)𝑚 .

In particular, when 𝜖 = .001 we need 𝑘 ≥ 414797, and when 𝜖 = .02 we need 𝑘 ≥ 84162677. Viewing 𝑇_𝑘 as a matrix of linear forms, e. g., 𝑇(𝐴^∗), the matrix is zero in the upper right and lower left corners, e. g., when 𝑘 = 2,

𝑇_2(𝐴^∗) = ' › › › › › «

∗ ∗ ∗ 0 0 ∗ ∗ ∗ ∗ 0 ∗ ∗ ∗ ∗ ∗ 0 ∗ ∗ ∗ ∗ 0 0 ∗ ∗ ∗

“ fi fi fi fi fi ‹ .

The explicit assignment is as follows: for |𝑖| >^3_7 𝑘 , list the 𝑝_{𝑖𝑗} in some order and assign them distinct prime numbers as in Lemma 3.1. For |𝑖| ≤^3_7 𝑘 , assign them periodically as in Lemma 3.2. More precisely, set 𝐾 = ⌈^{78}_{1−42𝜖} ⌉. Then the value of 𝑝_{𝑖𝑗} depends only on 𝑖 mod 4𝐾 and 𝑗 mod 4𝐾 . For 0 ≤ 𝑖, 𝑗 < 4𝐾 the values of 𝑝_{𝑖𝑗} are determined in such a way that distinct values are never coordinates of a solution to any of the explicit nonzero polynomials that we derive in Lemma 4.3.

If 𝑘 is smaller, we can still get border rank bounds of twice the dimension or greater. For example:

Theorem 1.3. Let 𝑇_6 be assigned the values 𝑝_{𝑖𝑗} = 2^𝑖 + 3^𝑗 − 7𝑖𝑗. Then R(𝑇_6) ≥ 26 = 2𝑚.

Acknowledgements

We thank Markus Bläser, Michael Forbes and Josh Grochow for explaining various definitions of explicitness to us, and the anonymous referees for useful comments.

2 Background

Definition 2.1. Let 𝑇 ∈ 𝐴 ⊗ 𝐵 ⊗ 𝐶 be a tensor and let 𝐴^∗_𝑓 ⊂ 𝐴^∗ be a linear subspace. The restriction of 𝑇 to 𝐴^∗_𝑓, denoted 𝑇|_𝐴^∗_{𝑓 ⊗𝐵}∗_{⊗𝐶}∗ =: 𝑇|_𝐴^∗_𝑓 is obtained by identifying 𝑇 with a linear map 𝐴^∗ → 𝐵 ⊗ 𝐶 and restricting the domain to the subspace 𝐴^∗_𝑓 .

A tensor 𝑇 ∈ 𝐴 ⊗ 𝐵 ⊗ 𝐶 is 𝐴 -conciseif the induced map 𝐴^∗ → 𝐵 ⊗ 𝐶 is injective. Intuitively, 𝑇 cannot be realized as a tensor in some ℂ^{a−1} ⊗ 𝐵 ⊗ 𝐶.

The border substitution method of [7] begins with the observation that, for each fixed 𝑓 < a and 𝐴-concise tensor 𝑇,

R(𝑇) ≥ min_𝐴^∗_{𝑓 ⊂𝐴}∗ � a − 𝑓 + R(𝑇|_𝐴^∗_{𝑓 ⊗𝐵}∗_{⊗𝐶}∗ ) � (2.1)

where the min is over all subspaces 𝐴^∗_𝑓 of 𝐴^∗ of dimension 𝑓. As stated, this is nearly useless as it is not practical to test all 𝑓-dimensional subspaces of 𝐴^∗. However, when a tensor has symmetry, the normal form lemma [7, Lem. 3.1] allows one to restrict the search to a smaller subset. In particular, when it is invariant under a torus, i. e., a continuous abelian diagonalizable subgroup, it is sufficient to test the 𝐴^∗_𝑓 that are invariant under the action of the torus. As observed by Strassen (and is well known among algebraic geometers), torus invariant objects can be studied via combinatorics. In our situation, the relevant property is as follows:

For a tensor 𝑇 =

˝_{𝑖𝑗𝑘} 𝑡^{𝑖𝑗𝑘} 𝑎_𝑖 ⊗ 𝑏_𝑗 ⊗ 𝑐_𝑘 given in bases, the support of 𝑇 is supp(𝑇):= {(𝑖𝑗𝑘) | 𝑡^{𝑖𝑗𝑘} ≠ 0}.

Definition 2.2 ([13]). A tensor 𝑇 ∈ 𝐴 ⊗ 𝐵 ⊗ 𝐶 is tight if there exist bases of 𝐴, 𝐵, 𝐶 and injective functions 𝜏_𝐴 : [a] → ℤ, 𝜏_𝐵 : [b] → ℤ and 𝜏_𝐶 : [c] → ℤ such that for all (𝑖, 𝑗, 𝑘) ∈ supp(𝑇), 𝜏_𝐴(𝑖) + 𝜏_𝐵(𝑗) + 𝜏_𝐶 (𝑘) = 0. (See [2] for details.) Call such a basis a tight basis.

Given a tight basis, the tensor 𝑇 is invariant with respect to the ℂ\{0}-action where 𝑡 ∈ ℂ\{0} acts on the 𝑖-th, 𝑗-th, and 𝑘 -th basis vector of 𝐴 , 𝐵, and 𝐶 by multiplication by 𝑡^{𝜏𝐴(𝑖)} 𝑡^{𝜏𝐵(𝑗)}, and 𝑡^{𝜏𝐶 (𝑘)}, respectively.

The tensor (1.1) is 𝐴 -concise (for the given assignment of the 𝑝_{𝑖𝑗} and tight with 𝜏_𝐴(𝑖) = 𝑖, 𝜏_𝐵(𝑗) = 𝑗, 𝜏_𝐶 (𝑘) = 𝑘.

The border substitution method and normal form lemma of [7] imply:

Proposition 2.3. Let 𝑇 ∈ 𝐴 ⊗ 𝐵 ⊗ 𝐶 be tight, 𝐴 -concise, and expressed in a tight basis. Then among the filtrations 𝐴^∗_1 ⊂ · · · ⊂ 𝐴^∗_{a−1} ⊂ 𝐴^∗ of 𝐴^∗, i. e., among nested sequences of subspaces wheredim(𝐴^∗_𝑓 ) = 𝑓, where each 𝐴^∗_𝑓 is spanned by tight basis elements, there is at least one such that

R(𝑇) ≥ max_𝑞(𝑞 + R(𝑇(𝑞))) ,

where 𝑇(𝑞) := 𝑇|_𝐴^∗_{a−𝑞 ⊗𝐵}∗_{⊗𝐶}∗ .

For convenience of the reader, we give a self-contained proof:

Proof. By induction on dim 𝐴^∗it is enough to prove that we may choose 𝐴^∗_{a−1} as in the proposition. Fix 𝑓 := a− 1. For any 𝑔 ∈ 𝐺𝐿(𝐴), if we replace 𝑇 by 𝑔𝑇 , and 𝐴^∗_𝑓 by 𝑔𝐴^∗_𝑓 in Eq. (2.1) the inequality still holds. The Borel fixed point theorem (see, e. g., [4, §21.2]) says that a connected solvable group acting on a complete variety 𝑋 has a fixed point in 𝑋 . In our case the connected solvable group is the torus 𝕋 = ℂ\{0} and 𝑋 is the 𝕋-orbit closure of some 𝐴^∗_{𝑓 ,0} ∈ 𝐺( 𝑓 , 𝐴^∗) = ℙ(𝐴) achieving the minimum in Eq. (2.1). Since 𝑔𝑇 = 𝑇 for all 𝑔 ∈ 𝕋, the right hand side of Eq. (2.1) is unchanged. Finally the 𝕋-fixed points are exactly the 𝑓 -planes spanned by basis vectors. □

Thus tight tensors are a natural class of tensors where the border substitution method may be effectively implemented because there are only a finite number of filtrations to check. The family 𝑇_𝑘 of Theorem 1.2 is tight.

If 𝑇 is tight, then any tensor with the same support as 𝑇 in a tight basis is also tight. In particular, it is natural to study tight tensors in families indexed by the support. In this context, it was shown in [2] that the largest possible support for a tight tensor is given by the family (1.1), which is a ⌈^3_4 𝑚^2⌉-dimensional family, where 𝑚 = 2𝑘 + 1. That is, the family (1.1) is the largest such that Proposition 2.3 may be applied to.

The idea of the proof of Theorem 1.2 is as follows: think of a game where we are trying to prove a lower bound and an adversary is trying to prevent it by zeroing out basis vectors of 𝑇_𝑘 in a way that lowers the border rank of the degenerated tensor as much as possible. We show that, no matter what strategy the adversary chooses, there is a 𝑞where we obtain the desired lower bound using the Koszul flattenings described in Section 4 by further degenerating the already degenerated tensor to make the lower bound estimate from the Koszul flattenings transparent. After describing Koszul flattenings, in Section 5 we group the adversary’s possible strategies into three types, and show that for each strategy we can choose a 𝑞and a further degeneration to obtain our bound.

3 Explicit tensors

The following two types of sequences of tensors are explicit in the sense of Definition 1.1.

Lemma 3.1. Let 𝑇_𝑚 ∈ ℂ^𝑚 ⊗ ℂ^𝑚 ⊗ ℂ^𝑚 be a sequence of tensors whose only nonzero entries are as in tensor (1.1). If the entries of 𝑇_𝑚 are the first distinct 𝑚^2 prime numbers, then 𝑇_𝑚 is explicit.

Proof. Let 𝜋(𝑥)be the number of prime numbers smaller or equal than 𝑥. By [11] we know that 𝑥 log 𝑥 < 𝜋(𝑥)for 𝑥 ≥ 17. Hence, running the sieve method on first 𝑚

3 numbers, we may find the first 𝑚^2 prime numbers in polynomial time. □

The following is obvious but we record it for future use:

Lemma 3.2. Let 𝑇_𝑚 ∈ ℂ^𝑚 ⊗ ℂ^𝑚 ⊗ ℂ^𝑚 be a sequence of tensors whose only nonzero entries are as in tensor (1.1). If the entries of𝑇_𝑚 are taken from a fixed library {𝑐_{𝑎,𝑏} }_{0≤𝑎<𝒜,0≤𝑏<ℬ} of integers periodically, so 𝑝_{𝑖𝑗} = 𝑐_{(𝑖 mod 𝒜),(𝑗 mod ℬ)}), then the sequence 𝑇_𝑚 is explicit.

The tensors in our sequence will be a sum of tensors of the types from Lemmas 3.1 and 3.2, and thus also explicit.

4 Koszul flattenings and border rank lower bounds

We first review Koszul flattenings. We then apply Koszul flattenings to a projection of the tensor 𝑇_6 and two general types of tensors, each of which arises as a degeneration of𝑇_{𝑘,𝑞}:= 𝑇_𝑘 |_𝐴^∗_{2𝑘+1−𝑞 ⊗𝐵}∗_{⊗𝐶}∗.

4.1 Koszul flattenings

Fix an integer 𝑝 <^1_2 dim 𝐴 . Fix bases {𝑎_𝑖 }, {𝑏_𝑗 }, {𝑐_𝑘 } of 𝐴, 𝐵, 𝐶 . Let 𝑇 =

˝_{𝑖𝑗𝑘} 𝑡^{𝑖𝑗𝑘} 𝑎_𝑖 ⊗ 𝑏_𝑗 ⊗ 𝑐_𝑘 ∈ 𝐴 ⊗ 𝐵 ⊗ 𝐶. Consider the linear map

𝑇^{∧𝑝}_𝐴 : Λ^𝑝 𝐴 ⊗ 𝐵^∗ → Λ^{𝑝+1}𝐴 ⊗ 𝐶

𝑋 ⊗ 𝛽 ↦→ � 𝑖𝑗𝑘 𝑡^{𝑖𝑗𝑘} 𝛽(𝑏_𝑗)(𝑎_𝑖 ∧ 𝑋) ⊗ 𝑐_𝑘 .

Then [9, Proposition 4.1.1] states

R(𝑇) ≥ rank(𝑇^{∧𝑝}_𝐴 ) �_{dim(𝐴)−1} 𝑝 � . (4.1)

Let 𝐴^{′∗} ⊂ 𝐴^∗ be a subspace. Write 𝜙 : 𝐴 → 𝐴/(𝐴^{′∗})^⊥ =: 𝐴^′ for the projection onto the quotient. Here (𝐴^{′∗})^⊥ ⊂ 𝐴 is the annihilator of 𝐴^{′∗} ⊂ 𝐴^∗. The corresponding Koszul flattening map gives a lower bound for R(𝜙(𝑇)), which, by linearity, is a lower bound for R(𝑇).

One often takes a subspace 𝐴^{′∗} ⊆ 𝐴^∗ of dimension 2𝑝 + 1 in the restriction of 𝑇 , so the denominator

�_{dim(𝐴)−1} 𝑝 � is replaced by

�_{2𝑝} 𝑝 � in Eq. (4.1).

The 𝑝 = 1case is a generalization of Strassen’s equations [12], and for tensors in ℂ^𝑚 ⊗ℂ^𝑚 ⊗ℂ^𝑚 it can at best prove border rank lower bounds of^3_2 𝑚 . The larger the 𝑝 one takes, Koszul flattenings become closer to potentially being able to prove a border rank lower bound of 2𝑚 . However, the equations become more difficult to implement. We utilize the 𝑝 = 2 case, which can at best prove border rank lower bounds of^5_3 𝑚 . This case can be reduced to lower bounding a matrix whose entries are at worst cubic in the 𝑝_{𝑖𝑗} of tensor (1.1). Thus, before using Koszul flattenings, we will need to use the border substitution method to kill off at least a (^1_3 + 𝜖)𝑚 -dimensional space. In our case we will kill off a space of dimension ∼^1_2 𝑚 because our Koszul flattening matrices will not be of maximal rank.

Let𝑇 ∈ ℂ^5 ⊗ℂ^𝑛 ⊗ℂ^𝑛 and write𝑇 = 𝑎_1 ⊗𝑋_1+· · ·+𝑎_5 ⊗𝑋_5. Order the bases of

�_2 ℂ^5, 𝑎_𝑖 ∧𝑎_𝑖′, with 𝑖𝑖^′ = 12,13,14,15,23,24,25,34,35,45 and of

�_3 ℂ^5 as 234,235,245,345,123,124,125,134,135,145.

Then the 10𝑛 × 10𝑛 Koszul flattening matrix takes the block form

𝑇^{∧2}_𝐴 =

12 13 14 15 23 24 25 34 35 45 ' › › › › › › › › › › › › › › «

“ fi fi fi fi fi fi fi fi fi fi fi fi fi fi ‹

0 0 0 0 𝑋_4 −𝑋_3 0 𝑋_2 0 0 234

0 0 0 0 𝑋_5 0 −𝑋_3 0 𝑋_2 0 235

0 0 0 0 0 𝑋_5 −𝑋_4 0 0 𝑋_2 245

0 0 0 0 0 0 0 𝑋_5 −𝑋_4 𝑋_3 345

𝑋_3 −𝑋_2 0 0 𝑋_1 0 0 0 0 0 123

𝑋_4 0 −𝑋_2 0 0 𝑋_1 0 0 0 0 124

𝑋_5 0 0 −𝑋_2 0 0 𝑋_1 0 0 0 125

0 𝑋_4 −𝑋_3 0 0 0 0 𝑋_1 0 0 134

0 𝑋_5 0 −𝑋_3 0 0 0 0 𝑋_1 0 135

0 0 𝑋_5 −𝑋_4 0 0 0 0 0 𝑋_1 145

. (4.2)

If 𝑋_1 is invertible then the rank of the matrix (4.2) equals 6𝑛 plus the rank of the block 4𝑛 × 4𝑛

matrix with block entries ' › › › «

𝑋_3𝑋^{−1}_1 𝑋_4 − 𝑋_4𝑋^{−1}_1 𝑋_3 𝑋_4𝑋^{−1}_1 𝑋_2 − 𝑋_2𝑋^{−1}_1 𝑋_4 𝑋_2𝑋^{−1}_1 𝑋_3 − 𝑋_3𝑋^{−1}_1 𝑋_2 0

𝑋_3𝑋^{−1}_1 𝑋_5 − 𝑋_5𝑋^{−1}_1 𝑋_3 𝑋_5𝑋^{−1}_1 𝑋_2 − 𝑋_2𝑋^{−1}_1 𝑋_5 0 𝑋_2𝑋^{−1}_1 𝑋_3 − 𝑋_3𝑋^{−1}_1 𝑋_2

𝑋_4𝑋^{−1}_1 𝑋_5 − 𝑋_5𝑋^{−1}_1 𝑋_4 0 𝑋_5𝑋^{−1}_1 𝑋_2 − 𝑋_2𝑋^{−1}_1 𝑋_5 𝑋_2𝑋^{−1}_1 𝑋_4 − 𝑋_4𝑋^{−1}_1 𝑋_2

0 𝑋_4𝑋^{−1}_1 𝑋_5 − 𝑋_5𝑋^{−1}_1 𝑋_4 𝑋_5𝑋^{−1}_1 𝑋_3 − 𝑋_3𝑋^{−1}_1 𝑋_5 𝑋_3𝑋^{−1}_1 𝑋_4 − 𝑋_4𝑋^{−1}_1 𝑋_3 “ fi fi fi ‹ . (4.3)

To see this use the basic identity, for a block matrix with 𝑍 square and invertible: � 0 𝑋 𝑌 𝑍 � = � Id 𝑋𝑍^{−1}

0 Id � � −𝑋𝑍^{−1}𝑌 0 0 𝑍 � � Id 0

𝑍^{−1}𝑌 Id � . In what follows it will be more convenient to permute the blocks of the matrix (4.3) and

multiply rows and columns by (−1), so that the matrix becomes block skew-symmetric: ' › › › «

0 −𝑋_2𝑋^{−1}_1 𝑋_3 + 𝑋_3𝑋^{−1}_1 𝑋_2 𝑋_4𝑋^{−1}_1 𝑋_2 − 𝑋_2𝑋^{−1}_1 𝑋_4 −𝑋_3𝑋^{−1}_1 𝑋_4 + 𝑋_4𝑋^{−1}_1 𝑋_3

𝑋_2𝑋^{−1}_1 𝑋_3 − 𝑋_3𝑋^{−1}_1 𝑋_2 0 −𝑋_5𝑋^{−1}_1 𝑋_2 + 𝑋_2𝑋^{−1}_1 𝑋_5 𝑋_3𝑋^{−1}_1 𝑋_5 − 𝑋_5𝑋^{−1}_1 𝑋_3

𝑋_2𝑋^{−1}_1 𝑋_4 − 𝑋_4𝑋^{−1}_1 𝑋_2 𝑋_5𝑋^{−1}_1 𝑋_2 − 𝑋_2𝑋^{−1}_1 𝑋_5 0 𝑋_4𝑋^{−1}_1 𝑋_5 − 𝑋_5𝑋^{−1}_1 𝑋_4

𝑋_3𝑋^{−1}_1 𝑋_4 − 𝑋_4𝑋^{−1}_1 𝑋_3 𝑋_5𝑋^{−1}_1 𝑋_3 − 𝑋_3𝑋^{−1}_1 𝑋_5 −𝑋_4𝑋^{−1}_1 𝑋_5 + 𝑋_5𝑋^{−1}_1 𝑋_4 0 “ fi fi fi ‹ . (4.4)

We record the above observation.

Proposition 4.1. Let 𝑇 = 𝑎_1 ⊗ 𝑋_1 + · · · + 𝑎_5 ⊗ 𝑋_5 ∈ ℂ^5 ⊗ ℂ^𝑛 ⊗ ℂ^𝑛 and let 𝑋_1 be of rank 𝑛. If the rank

of the 4𝑛 × 4𝑛 block matrix (4.3) is at least 𝑅, then rank(𝑇^{∧2}_𝐴 ) ≥ 𝑅 + 6𝑛.

4.2 Proof of Theorem 1.3

We first project 𝑇_6 to ℂ^9 ⊗ ℂ^{13} ⊗ ℂ^{13} by considering all possible coordinate projections. By

Proposition 2.3 for one of the projections the border rank drops at least by four. In the algorithm

used in Section 6, all possible

�_{13} 4 � projections are considered.

Next, in each case we consider a general projection to ℂ^5 ⊗ ℂ^{13} ⊗ ℂ^{13}. We note that we do not have to prove that the chosen projection is general, as it is enough to find one projection. Finally we apply 𝑝 = 2 Koszul flattenings described in Section 4.1. The algorithm, implemented in Macaulay 2 [3], checks that the rank of the matrix (4.2) is always at least 127. Thus:

R(𝑇_6) ≥ ⌈ 127 6 ⌉ + 4 = 22 + 4 = 26 . □ 4.3 Koszul flattenings applied to a tensor with 𝑇(𝐴^∗)supported on the diagonal and four shifted diagonals close to the diagonal

Recall that a Zariski open subset of a vector space is the complement of the zero set of a finite collection of polynomials on the space. In particular, given a fixed nonempty open subset, a random element of a vector space will lie in the subset with probability one.

Definition 4.2. A shifted diagonal of a matrix (𝑚_{𝑖𝑗})at distance 𝑦below (or above) the diagonal is the set of those entries where 𝑖 − 𝑗 = 𝑦(𝑗 − 𝑖 = 𝑦, resp.). A diagonal corresponds to the case 𝑖 = 𝑗. We call a matrix a shifted-diagonal if it is supported on a shifted diagonal.

Lemma 4.3. Let 𝑇 = 𝑎_1 ⊗ 𝑋_1 + · · · + 𝑎_5 ⊗ 𝑋_5 ∈ ℂ^5 ⊗ ℂ^𝑛 ⊗ ℂ^𝑛 be a tensor such that 𝑋_1 is diagonal with nonzero entries on the diagonal, 𝑋_2, 𝑋_3 are shifted-diagonal matrices supported on shifted diagonals at distances 𝑥_2 < 𝑥_3 above the main diagonal and 𝑋_4, 𝑋_5 are shifted-diagonal matrices supported on shifted diagonals 𝑥_4 < 𝑥_5 below the main diagonal, and assume 𝑥_𝑠 < 𝐶 for 𝑠 = 2, . . . , 5 for some constant 𝐶.

Fixing one such 𝑇 as above, the 𝑝 = 2 Koszul flattening matrix drops rank by at most 16𝐶 on a Zariski open subset of tensors with the same shape as 𝑇 . In particular, for most tensors 𝑇 of that shape, R(𝑇) ≥^5_3 𝑛 −^8_3 𝐶.

Proof. As 𝑋_1 is invertible, the second Koszul flattening has a kernel of dimension equal to the dimension of the kernel of the matrix (4.3).

Write 𝑀_{𝑡𝑠} := 𝑋_𝑡 𝑋^{−1}_1 𝑋_𝑠 −𝑋_𝑠 𝑋^{−1}_1 𝑋_𝑡,𝑡 < 𝑠, for the six distinct size 𝑛×𝑛 block matrices appearing in the matrix (4.3) (here 𝑀_{𝑠𝑡} = −𝑀_{𝑡𝑠}). The 𝑀_{𝑡𝑠} are shifted-diagonal matrices. Explicitly, 𝑀_{23} is supported on shifted diagonal 𝑥_2 + 𝑥_3, 𝑀_{24} is supported on shifted diagonal 𝑥_2 − 𝑥_4, 𝑀_{25} is supported on shifted diagonal 𝑥_2 − 𝑥_5, 𝑀_{34} is supported on shifted diagonal 𝑥_3 − 𝑥_4, 𝑀_{35} is supported on shifted diagonal 𝑥_3 − 𝑥_5, 𝑀_{45} is supported on shifted diagonal −(𝑥_4 + 𝑥_5), where negative indices mean the shifted diagonal is below the main diagonal. We note that some of the entries on these shifted diagonals may be equal to zero.

Permuting the basis vectors, one obtains a block diagonal matrix, where the blocks are of size 4 × 4, namely, using cyclic notation, we group columns 𝑥_5 + 𝑗, 𝑥_4 + 𝑗, −𝑥_3 + 𝑗, −𝑥_2 + 𝑗and rows 𝑗 − 𝑥_2 − 𝑥_3 + 𝑥_4, 𝑗 − 𝑥_2 − 𝑥_3 + 𝑥_5, 𝑗 − 𝑥_2 + 𝑥_4 + 𝑥_5, 𝑗 − 𝑥_3 + 𝑥_4 + 𝑥_5, and there are 𝑛 such blocks, as in Figure 1. Call the resulting 4 × 4 blocks 𝑁^𝑗, 1 ≤ 𝑗 ≤ 𝑛.

It remains to show that almost all matrices 𝑁^𝑗 have full rank. We note that each of the matrices 𝑀_{𝑡𝑠}has at most 4𝐶 entries on the distinguished shifted diagonal that are not a binomial in the entries of the 𝑋_𝑖. These non-binomial entries appear only if one of the column or row indices of 𝑀_{𝑡𝑠}is either smaller than 2𝐶 or greater than 𝑛 − 2𝐶 . We focus on the 𝑁^𝑗 contained in the other rows and columns, i. e., 2𝐶 < 𝑗 < 𝑛 − 2𝐶 . A direct computation shows that the determinant of each such 𝑁^𝑗 is, after clearing denominators, an explicit nonzero polynomial 𝑃^𝑗 in the entries of the matrices 𝑋_𝑖. We note that in the given range of indices the polynomials 𝑃^𝑗 are evaluations of one polynomial, but in different sets of variables.

Hence, whenever the evaluations of the 𝑛 − 4𝐶 polynomials 𝑃^𝑗 are nonzero the bounds on ranks given in Lemma 4.3 hold. □

0

0

0

0

𝑖 + 𝑥_5 𝑖 + 𝑥_4 𝑖 − 𝑥_3 𝑖 − 𝑥_2

𝑖 − 𝑥_2 − 𝑥_3 + 𝑥_4

𝑖 − 𝑥_2 − 𝑥_3 + 𝑥_5

𝑖 − 𝑥_2 + 𝑥_4 + 𝑥_5

𝑖 − 𝑥_3 + 𝑥_4 + 𝑥_5 𝑥_3 + 𝑥_2

𝑥_3 + 𝑥_2 𝑥_4 − 𝑥_2 𝑥_4 − 𝑥_3

𝑥_5 − 𝑥_2 𝑥_5 − 𝑥_3

𝑥_4 + 𝑥_5 𝑥_4 − 𝑥_2 𝑥5 − 𝑥2

𝑥_4 − 𝑥_3 𝑥5 − 𝑥3 𝑥_4 + 𝑥_5

Figure 1: Matrix (4.4) for a tensor as in Lemma 4.3 after permuting basis vectors as in the proof. The 𝑖-th 4 × 4 block 𝑁^𝑖 has entries corresponding to the intersection of the dashed lines

Corollary 4.4. Let 𝑇 be a tensor as in Lemma 4.3 that is such a subtensor2of the tensor 𝑇_𝑘 that all 𝑋_𝑖 correspond to shifted diagonals of𝑇 of distance at most^3_7 𝑘 to the main diagonal3. Then the assertion of

2A subtensor is a tensor defined by the same formula as 𝑇_𝑘 , where we only sum over subsets of indices 3I. e., we only take 𝑎_𝑖 such that |𝑖| ≤^3_7 𝑘 in Equation (1.1)

the Lemma 4.3 holds.

Proof. We keep the notation of Lemma 4.3 and its proof.

We note that each 𝑃^𝑗, irrespective of the choice of 𝑇 and 𝑗, depends only on variables corresponding to entries that are contained in a 4𝐶 × 4𝐶 × 4𝐶 subtensor of𝑇_𝑘 made of consecutive indices, i. e., (𝑇_𝑘)_{𝑖,𝑗,𝑙}, where 𝑖 ∈ {𝑁_1 + 1, 𝑁_1 + 𝐶}, 𝑗 ∈ {𝑁_2 + 1, 𝑁_2 + 4𝐶} and 𝑙 ∈ {𝑁_3 + 1, 𝑁_3 + 𝐶} for some integers 𝑁_1, 𝑁_2, 𝑁_3. As 𝐶 is a fixed constant and the 𝑃^𝑗 are explicit polynomials, the non-vanishing can be achieved by filling one 4𝐶 × 4𝐶 × 4𝐶 cube with numbers that do not form coordinates of any root of any of the 𝑃^𝑗 and then assigning the values of the tensor periodically as in Lemma 3.2. □

4.4 Koszul flattenings applied to a tensor supported on 5 shifted diagonals not equal to the diagonal

Lemma 4.5. Let 𝑇 ∈ ℂ^5 ⊗ ℂ^𝑛 ⊗ ℂ^𝑛 be a tensor supported on three shifted diagonals at distances 𝑦_3 < 𝑦_4 < 𝑦_5 below the diagonal and two shifted diagonals at distances 𝑦_1 > 𝑦_2 above the diagonal such that 𝑦_1 − 𝑦_2 < 𝑦_3 and 𝑦_1 + 𝑦_5 < 𝑛. Assume the entries of 𝑇 are distinct primes. Then

R(𝑇) ≥ 𝑛 + 𝑦_1 − 2 3 𝑦_2 .

Proof. Consider the second Koszul flattening matrix of 𝑇 given in Eq. (4.2). The bound of R(𝑇) will follow by estimating the rank of this matrix.

Consider, in each of the last six blocks, the last 𝑛 − 𝑦_1 columns. We obtain 6𝑛 − 6𝑦_1 independent columns due to the matrix 𝑋_1 in Eq. (4.2).

We now restrict our attention to columns that are still in last six blocks, but just consider the first 𝑦_1 columns in each block. We focus on the upper four horizontal blocks, obtaining a 4𝑛 × 6𝑦_1 matrix, as in Figure 2. Note that in order for the lines in each block to have width 𝑦_1 we need 𝑦_1 + 𝑦_5 < 𝑛. We claim that the rank of this matrix is at least 4𝑦_1 + 2(𝑦_1 − 𝑦_2).

In this matrix the second, third and sixth vertical blocks give independent columns, due to the matrices that are 𝑦_3 below the diagonal (blue in Figure 2). We claim that the 𝑦_1 columns in the first vertical block are also independent of them. For contradiction suppose there is a linear relation involving 𝑖-th column in the first block. The (𝑖 + 𝑦_4)entry of the first block of this column may only be canceled using the (𝑖 + 𝑦_4 − 𝑦_3)column in the second block. Then the contribution in the third block may only be canceled by the (𝑖 + 𝑦_5 − 𝑦_3)column in the third vertical block. Now the entries in the second horizontal block cancel if and only if a binomial cubic equation on the entries is satisfied. This is not possible, as the entries are distinct primes.

So far we obtain the lower bound on the rank of matrix in Figure 2 equal to 4𝑦_1. By adding the last (𝑦_1 − 𝑦_2)columns of fourth and fifth block, which are independent as 𝑦_1 − 𝑦_2 < 𝑦_3, we may find 2(𝑦_1 − 𝑦_2) more independent columns.

We now focus on the first four vertical blocks in the matrix (4.2). Among those, the first four horizontal blocks are zero, thus we restrict to the last six. We further restrict to the rows that are zero in last six vertical blocks. We obtain a 6 × 4 block matrix, which is similar to reflection of the matrix in Figure 2. We lower bound the rank of this matrix in the same way as before.

In total we obtain that the rank of the matrix (4.2) is at least 6(𝑛 − 𝑦_1) + 2(4𝑦_1 + 2(𝑦_1 − 𝑦_2)) = 6𝑛 + 2(3𝑦_1 − 2𝑦_2).

This translates to the bound on the border rank as in the statement of the lemma. □

0 0 0

0 0 0

0 0

0 0 0

0

i y_2

-

- y_5 y_4 y_3 i+y_4-y_3 i+y_4 i+y_5-y_3

i+y_5 i+y_4+y_5-y_3 y_4

y_4 y_3

y_3 y_5

y_5 y_2

y_2

Figure 2: The size 4𝑛 × 6𝑦_1 submatrix of the 4𝑛 × 6𝑛 matrix.

5 Proof of Theorem 1.2

We need to find explicit 𝑝_{𝑖𝑗} for the sequence (1.1) and to lower bound the border ranks of 𝑇_{𝑘,𝑞} = 𝑇_𝑘 |_𝐴^∗_{2𝑘+1−𝑞 ⊗𝐵}∗_{⊗𝐶}∗ as in Proposition 2.3 for all sufficiently large 𝑘 and some useful 𝑞 = 𝑞(𝑘). We first determine 𝑞. (Imagine our choice of 𝑞 being based on the strategy of our opponent.)

Let 𝐼_𝑞denote the index set kept to obtain 𝑇_{𝑘,𝑞}, so |𝐼_𝑞 | = 2𝑘 + 1 − 𝑞. Write 𝐼_𝑞 = 𝐼_− ⊔ 𝐼_0 ⊔ 𝐼_+ for the negative, zero, and positive indices appearing in 𝐼_𝑞. Note that the sets 𝐼_−, 𝐼_0, 𝐼_+ depend on 𝑞 and if we want to stress this dependence we write 𝐼_−(𝑞). Fix a large constant 𝐾 to be determined later. In what follows 0 < 𝜖 <^1_{42} .

Setup: Let 𝑇_{𝑘,𝑞}be a sequence of restrictions as above. Let 𝑞be the largest index such that in each of 𝐼_−(𝑞), 𝐼_+(𝑞) there exist either

1. Three indices with absolute value at least^𝑘_2 , or

2. Five indices with absolute value smaller than^𝑘_2 such that the absolute value of the difference of the smallest and largest one is at most 𝐾.

Without loss of generality we may assume that both conditions fail for 𝐼_−(𝑞 + 1).

Lemma 5.1. Let 𝑇_{𝑘,𝑞} and 𝑞 be as in the setup. Then |𝐼_−| ≤^{2𝑘}_𝐾 + 7 and hence 𝑞 ≥ 𝑘 − (^{2𝑘}_𝐾 + 7).

Proof. Partition the negative indices {−𝑘, . . . , −1} into groups as follows:

1. {−𝑘, . . . , −⌈^𝑘_2 ⌉}

2. ⌊(𝑘/2)/𝐾⌋ groups {−⌈ 𝑘 2 ⌉ + 1, . . . , −⌈ 𝑘 2 ⌉ + 𝐾}, {−⌈ 𝑘 2 ⌉ + 𝐾 + 1, . . . , −⌈ 𝑘 2 ⌉ + 2𝐾} , . . . , {−⌈ 𝑘 2 ⌉ + (⌈ 𝑘 2 ⌉ − 1)𝐾 + 1, . . . , −⌈ 𝑘 2 ⌉ + ⌊(𝑘/2)/𝐾⌋𝐾}

3. {−⌈^𝑘_2 ⌉ + ⌊(𝑘/2)/𝐾⌋𝐾 + 1, . . . , −1}

As the conditions fail for 𝑞 + 1 we can have at most four indices in 𝐼_−(𝑞 + 1)in each of the groups in (2) or in group (3) giving at most: 4 𝑘 2𝐾 + 4 = 2𝑘 𝐾 + 4 indices in groups (2)and (3)for 𝐼_−(𝑞 + 1). In the group (1)we can have at most 2 indices. The cardinality of 𝐼_−(𝑞) and 𝐼_−(𝑞 + 1) may differ at most by one. The bounds follow. □

We now group the possible distributions of indices in the sets 𝐼_𝑞into three cases and show that in each case we may obtain the desired lower bound. Note that the size of 𝑞we utilize to obtain the lower bound will depend on how the indices are removed.

Lemma 5.2. Let 𝑇_{𝑘,𝑞} and 𝑞 be as in the setup and 𝐾 ≥^{78}_{1−42𝜖} . If

|𝐼_+ ∩ [0, 3 7 𝑘]| > 4 𝐾 3 7 𝑘 + 4 or |𝐼_− ∩ [− 3 7 𝑘, 0]| > 4 𝐾 3 7 𝑘 + 4 , (5.1)

then for all 𝑘 >^{210𝐾+21𝐾𝜖−168+56𝐾2}

𝐾−78−42𝐾𝜖 , one has R(𝑇𝑘) ≥ (2 + 𝜖)(2𝑘 + 1) .

Proof. Recall that 𝑚 = 2𝑘 + 1. Suppose |𝐼_+ ∩ [0,^3_7 𝑘]| >^4_𝐾^3_7 𝑘 + 4. We partition {0, . . . , ⌊^3_7 𝑘⌋} into at most ⌊^{3𝑘}_{7𝐾} ⌋ + 1 subsets of consecutive indices of cardinality at most 𝐾 . By the pigeonhole principle we may find five indices 𝑖_1 < · · · < 𝑖_5 ≤^3_7 𝑘 in 𝐼_+ with 𝑖_5 − 𝑖_1 ≤ 𝐾 . If we choose the smallest possible such indices, then 𝑞 ≥ 𝑘 − (^{2𝑘}_𝐾 + 7) + 𝑖_3 −^4_𝐾 𝑖_3 − 4.

Restrict 𝑇 to the subspace of 𝐵^∗ ⊗ 𝐶^∗ where 𝑖_3 becomes the diagonal. By Lemma 4.3 and Corollary 4.4, with 𝑛 = 𝑚 − 𝑖_3 and 𝐶 = 𝐾 , we have R(𝑇_{𝑘,𝑞}) ≥^5_3 (𝑚 − 𝑖_3) −^8_3 𝐾 . Thus R(𝑇_𝑘) ≥^{13}_3 𝑘 −^2_3 𝑖_3 −^4_𝐾 𝑖_3 − (^{2𝑘}_𝐾 +^{28}_3 ) −^8_3 𝐾. As 𝑖_3 ≤^3_7 𝑘 − 2 we need � 13 3 − 2 3 3 7 � 𝑘 + (−2 −

4 · 3 7 ) 𝑘 𝐾 + 8 𝐾 − 8 3 𝐾 − 8 ≥ (2 + 𝜖)(2𝑘 + 1),

i. e., 𝑘 ≥ 210𝐾 + 21𝐾𝜖 − 168 + 56𝐾^2 𝐾 − 78 − 42𝐾𝜖 . Now instead assume |𝐼_+ ∩ [0,^3_7 𝑘]| ≤^4_𝐾^3_7 𝑘 + 4 and thus 𝑞 ≥ 𝑘 − (^{2𝑘}_𝐾 + 7) +^{3(𝐾−4)}_{7𝐾} 𝑘 − 4. Using this, we may conclude in the case |𝐼_− ∩ [−^3_7 𝑘,0]| >^4_𝐾^3_7 𝑘 + 4 by the same reasoning as above with an even better bound. □

In light of Lemmas 5.1 and 5.2, we may henceforth assume Eq. (5.1) fails to hold so

𝑞 ≥ 𝑘 − � 2𝑘 𝐾 + 7 � + 3 7 𝑘 − 12𝑘 7𝐾 − 4 = 10 7 𝑘 − 26𝑘 7𝐾 − 11 . (5.2)

Lemma 5.3. Let 𝑇_{𝑘,𝑞}and 𝑞be as in the setup and assume additionally that Eq. (5.2) holds. If 𝐼_− has three indices with absolute value greater than^𝑘_2, then R(𝑇_𝑘) ≥ (2 + 𝜖)(2𝑘 + 1)when 𝐾 ≥^{39}_{1−21𝜖} and 𝑘 ≥^{(13+𝜖)21𝐾}

2(𝐾−39−21𝐾𝜖) .

Proof. Let 𝑦_3, 𝑦_4, 𝑦_5 be three indices in 𝐼_− with absolute value greater than^𝑘_2 . Let 𝑦_1 and 𝑦_2 be the largest and smallest index in 𝐼_+ \ [0,^𝑘_2 ], respectively, which exist by point (1)of the setup. Thus, we may add^𝑘_2 − (𝑦_1 − 𝑦_2) − 1 to Eq. (5.2). By Lemma 4.5 with 𝑛 = 2𝑘 + 1 we obtain: R(𝑇_𝑘) ≥ R(𝑇_{𝑘,𝑞}) + 𝑞

≥ 2𝑘 + 1 + 𝑦_1 − 2 3 𝑦_2 + 10 7 𝑘 − 26𝑘 7𝐾 − 11 + 𝑘 2 − (𝑦_1 − 𝑦_2) − 1 ≥ 86 21 𝑘 − 26 7 𝑘 𝐾 − 11,

where to obtain the last line we used that 𝑦_2 ≥^𝑘_2 .

This bound will be greater than (2 + 𝜖)(2𝑘 + 1) when 𝐾 ≥ 39 1 − 21𝜖 and 𝑘 ≥ (13 + 𝜖)21𝐾 2(𝐾 − 39 − 21𝐾𝜖) concluding the proof of Lemma 5.3. □

Lemma 5.4. Let 𝑇_{𝑘,𝑞}and 𝑞be as in the setup and assume additionally that Eq. (5.2) holds. If 𝐼_− has five indices with absolute value smaller than^𝑘_2 such that the difference of the smallest and largest is at most 𝐾 , then R(𝑇) ≥ (2 + 𝜖)(2𝑘 + 1) when 𝐾 ≥^{78}_{1−42𝜖} and 𝑘 ≥ max(^{21(12+𝜖)𝐾}_{𝐾−42𝜖𝐾−78} ,^{210𝐾+21𝐾𝜖−168+56𝐾2}_{𝐾−78−42𝐾𝜖} ).

Proof. Suppose these five indices have absolute value less or equal to^3_7 𝑘 . Then we conclude exactly as in the first part of the proof of Lemma 5.2. Thus, we assume all indices are greater then^3_7 𝑘 − 𝐾.

We proceed as in Lemma 5.3. First assume there exist two indices in 𝐼_+ \ [0,^4_7 𝑘 + 𝐾]. Fix 𝑦_2 and 𝑦_1 to be, respectively, the smallest and largest index in 𝐼_+ \ [0,^4_7 𝑘 + 𝐾], so we may add 3 7 𝑘 − 𝐾 − (𝑦_1 − 𝑦_2) to Eq. (5.2).

We obtain:

R(𝑇_𝑘) ≥ R(𝑇_{𝑘,𝑞}) + 𝑞 ≥ � 2𝑘 + 1 + 𝑦_1 − 2 3 𝑦_2 � + 10 7 𝑘 − 26𝑘 7𝐾 − 11 + 3 7 𝑘 − 𝐾 − (𝑦_1 − 𝑦_2)

≥ (4 + 1 21 )𝑘 − 26 7 𝑘 𝐾 − 10 − 2𝐾 3 , where in the last line we used that 𝑦_2 ≥^4_7 𝑘 + 𝐾. This is at least (2 + 𝜖)𝑚 when 𝐾 ≥ 78 1 − 42𝜖 and 𝑘 ≥ 21(12 + 𝜖 +^{2𝐾}_3 )𝐾 𝐾 − 42𝜖𝐾 − 78 and we conclude in this case.

If there are no two indices in 𝐼_+ \ [0,^4_7 𝑘 + 𝐾], then by point (1) in the setup we must have two indices in 𝐼_+ ∩ [^1_2 𝑘,^4_7 𝑘 + 𝐾]. Let 𝑦_2 and 𝑦_1 to be, respectively, the smallest and largest in this set. We may add^1_2 𝑘 − 1 − (𝑦_1 − 𝑦_2)to Eq. (5.2). Note that 𝑦_1 − 𝑦_2 <^3_7 𝑘 − 𝐾 . Proceeding as above obtain an even stronger lower estimate on border rank. □

Proof of Theorem 1.2. One of the cases in Lemmas 5.2, 5.3, and 5.4 must hold, which proves the theorem for 𝑘 large enough.

In order for the assumptions of all lemmas to hold, we need 𝐾 ≥^{78}_{1−42𝜖} and 𝑘 ≥^{21(12+𝜖+ 2𝐾3 )𝐾}_{𝐾−42𝜖𝐾−78} and 𝑘 ≥^{210𝐾+21𝐾𝜖−168+56𝐾2}

𝐾−78−42𝐾𝜖 . As 𝐾 ≥ 78, the last lower bound on 𝑘 is more restrictive. Taking the

estimate 𝐾 =^{78}_{1−42𝜖} + 1 it holds when

𝑘 ≥ 7(52274 − 151635𝜖 + 14616𝜖^2 + 5292𝜖^3) (1 − 42𝜖)^3 . □

6 Code for the proof of Theorem 1.3

S=QQ[w_0..w_4]; rs=res ideal basis(1,S); kosz=rs.dd_3; R=QQ[a_(-6)..a_6,b_(-6)..b_6,c_(-6)..c_6,w_0..w_4] T6:=0 for i from -6 to 6 do ( for j from max(-6,-i-6) to min(6,-i+6) do ( T6=T6+(2^i+3^j-7*i*j)*a_i*b_j*c_(-i-j) ); ) by=matrix{{b_(-6)..b_6}}; cz=matrix{{c_(-6)..c_6}}; L=subsets(-6..6,4); zle={}; for m in L do ( subp={}; for mm from -6 to 6 do( if (not member(mm,m)) then( subp=subp|{a_mm=>(sum for i from 0 to 4 list (random(0,R)*w_i))}; ); ); l= rank diff(cz,diff(transpose by,diff(sub(kosz,R),sub(T6,subp)))); if (l<127) then zle=zle|{m}; ) #zle

References

[1] Boris Alexeev, Michael A. Forbes, and Jacob Tsimerman: Tensor rank: Some lower and upper bounds. In Proc. 26th IEEE Conf. on Comput. Complexity (CCC’11), pp. 283–291. IEEE Comp. Soc., 2011. [doi:10.1109/CCC.2011.28] 2

[2] Austin Conner, Fulvio Gesmundo, Joseph M. Landsberg, Emanuele Ventura, and Yao Wang: Towards a geometric approach to Strassen’s asymptotic rank conjecture. Collectanea Mathematica, 72(1):63–86, 2021. [doi:10.1007/s13348-020-00280-8] 4, 5

[3] Daniel R. Grayson and Michael E. Stillman: Macaulay2, a software system for research in algebraic geometry. Available at https://macaulay2.com. 8

[4] James E. Humphreys: Linear Algebraic Groups. Springer, 1975. [doi:10.1007/978-1-4684-9443- 3] 5

[5] Joseph M. Landsberg: Nontriviality of equations and explicit tensors in ℂ^𝑚 ⊗ ℂ^𝑚 ⊗ ℂ^𝑚 of border rank at least 2𝑚 − 2. J. Pure Appl. Algebra, 219(8):3677–3684, 2015. [doi:10.1016/j.jpaa.2014.12.016] 2

[6] Joseph M. Landsberg: Secant varieties and the complexity of matrix multiplication. Rend.

Istit. Mat. Univ. Trieste, 54(11):1–21, 2022. [doi:10.13137/2464-8728/34006] 2

[7] Joseph M. Landsberg and Mateusz Michałek: On the geometry of border rank decompositions for matrix multiplication and other tensors with symmetry. SIAM J. Appl. Algebra Geom., 1(1):2–19, 2017. [doi:10.1137/16M1067457] 4

[8] Joseph M. Landsberg and Mateusz Michałek: A 2𝑛^2 − log_2(𝑛) − 1 lower bound for the border rank of matrix multiplication. Internat. Math. Research Notices, (15):4722–4733, 2018. [doi:10.1093/imrn/rnx025] 2

[9] Joseph M. Landsberg and Giorgio Ottaviani: Equations for secant varieties of Veronese and other varieties. Ann. Mat. Pura Applicata, 192(4):569–606, 2013. [doi:10.1007/s10231- 011-0238-6] 6

[10] Thomas Lickteig: Typical tensorial rank. Lin. Alg. Appl., 69:95–120, 1985. [doi:10.1016/0024- 3795(85)90070-9] 2

[11] J. Barkley Rosser and Lowell Schoenfeld: Approximate formulas for some functions of prime numbers. Illinois J. Math., 6(1):64–94, 1962. [doi:10.1215/ĳm/1255631807] 5

[12] Volker Strassen: Rank and optimal computation of generic tensors. Lin. Alg. Appl., 52–53:645–685, 1983. [doi:10.1016/0024-3795(83)80041-X] 6

[13] Volker Strassen: Degeneration and complexity of bilinear maps: Some asymptotic spectra.

J. reine angew. Math., (413):127–180, 1991. [doi:10.1515/crll.1991.413.127] 4

AUTHORS

Joseph Landsberg Owen Professor of Mathematics Department of Mathematics Texas A&M University College Station, Texas, USA jml@math.tamu.edu https://people.tamu.edu/~jml/

Mateusz Michałek Professor in real algebraic geometry University of Konstanz Konstanz, Germany mateusz.michalek uni-konstanz de https://www.mathematik.uni-konstanz.de/

working-group-real-geometry-and-algebra/prof-dr-mateusz-michalek/

ABOUT THE AUTHORS Joseph (JM) Landsberg works on geometric problems originating in complexity theory. He obtained his Ph. D. in 1990 from Duke University under the direction of Robert Bryant on minimal submanifolds and a generalization of calibrations. His past research was at the interface of algebraic geometry, differential geometry and representation theory. He is an Owen Professor of Mathematics at Texas A&M University. Landsberg has directed fifteen Ph. D. theses, is the author of five books:

• Quantum Computation and Quantum Information: A Mathematical Perspective, AMS (2024) [AMS Bookstore] • Tensors: Asymptotic Geometry and Developments 2016-2018, AMS (2019) [AMS Bookstore] • Geometry and Complexity Theory, Cambridge U. Press (2017) [CUP] • Tensors: Geometry and Applications, AMS (2012) [AMS Bookstore] • Cartan for Beginners (co-author Thomas A. Ivey), AMS (2003), 2nd edition (2016) [AMS Bookstore]

and has published over 100 research articles. Fall 2025 he co-organized the semester “Complexity and Linear algebra” at the Simons Institute for the Theory of Computing, UC Berkeley. At the same time he also served as a UC Berkeley Chancellor’s Professor. Landsberg was first exposed to the beauty of geometry in college while taking a calculus course for Physics majors being taught by Joe Harris, and first exposed to complexity by Peter Bürgisser, who offered him a bottle of champagne if he could solve a question about 2 × 2 matrices.

Mateusz Michałek is an algebraic geometer by training and a combinatorist at heart. He earned his Ph. D. in 2012 from the Polish Academy of Sciences, supervised by Jarosław Wiśniewski, and Université Joseph Fourier, supervised by Laurent Manivel. He held postdoc positions at Berkeley, FU Berlin, MPI Bonn, Oberwolfach, IMPAN Warsaw, the University of Barcelona, and RIMS Kyoto. After a few great years leading a research group at MPI MiS Leipzig, he settled at the University of Konstanz-—where he claims to be equally inspired by theorems, the lake, and the Alps (in no particular order).